We show that the four classes of pattern avoiding permutations, Sn(1234; 3214), Sn(4123; 3214), Sn(2341; 2143) and Sn(1234; 2143) are enumerated by the formula (4 n−1 + 2)=3. In an electronic appendix we provide ÿnite transition matrices for the number |Sn(u; v)| of permutations avoiding pairs (u; v) of length four patterns where u contains the subsequence 123 and v contains the subsequence 321 as well as a transition matrix for |Sn(1234; 43215)|.
Introduction
Let S n denote the symmetric group on [n] = {1; 2; : : : ; n}. For ∈ S n−1 and j ∈ [n], let j be the permutation in S n obtained from by inserting n into the jth position. That is,
(1) (2) · · · (j − 1) n (j) · · · (n − 1) : Writing only the bottom line of the above two-line notation, we view permutations as sequences.
Deÿnition 1. Let ∈ S k . A permutation ∈ S n , is said to be -avoiding if there is no sequence of integers i 1 ; i 2 ; : : : ; i k such that 1 6 i (1) ¡ i (2) ¡ · · · ¡ i (k) 6 n and (i 1 ) ¡ (i 2 ) ¡ · · · ¡ (i k ). The subsequence { (i ( j) )} k j=1 is said to have type . We write S n ( ) for the set of -avoiding permutation of length n. More generally, if is a set of permutations, let S n ( ) = ∈ S n ( ) be the set of all permutations in S n which avoid every ∈ . Deÿnition 2. If ∈ S n−1 ( ), then we call j an active site if j ∈ S n ( ). j will be referred to as a child of ∈ S n−1 ( ).
Note that if ∈ S n−1 ( ) then j ∈ S n ( ) for any j. Thus, if k( ) is equal to the number of active sites in , then |S n ( )| = ∈Sn−1( ) k( ). For example, if = {132; 231}, then S n (132; 231) is the set of permutations in S n , none having a three element subsequence in which the middle element is the largest. S 4 (132; 231) = {4321; 3214; 4213; 2134; 4312; 3124; 4123; 1234}, and |S 4 (132; 231)| = 8. The active sites (indicated by arrows) of ↓ 213 ↓ are sites 1 and 4. Schmidt and Simion [10] enumerated S n ( ) for all ⊂ S 3 . In the case where consists of a single permutation in S 4 , the reader is referred to work of Babson and West [2] , Bona [3, 4] , Regev [9] , Stankova [11] , and West [12] [13] [14] . In [13] , a complete enumeration of pairs of patterns (u; v) where u ∈ S 3 and v ∈ S 4 is given.
The technique of West, which we employ, is that of producing transition matrices for |S n ( )|. This is an inductive procedure which assigns to each permutation in S n−1 ( ) a label encoding both the number k of active sites in and a recursive rule for determining the label on each ij ∈ S n ( ), where 1 6 j 6 k and 1 6 i 1 ¡ · · · ¡ i k 6 n. Given labels on ∈ S m ( ) for some initial value m, the number of permutations in S n ( ) having label (x) (denoted (x) n ) is recursively determined. |S n ( )| is obtained by summing (x) n over all distinct labels x.
Deÿnition 3. For ÿxed m ¿ 1, a labeling on { ∈ S n ( )|n ¿ m} consists of:
(1) An assignment of labels (x) to each ∈ S m ( ).
(2) For each label assigned to ∈ S n−1 ( ) a succession rule describing the number of children of contained in S n ( ) and the label on each child.
We remark that a labeling on a set of pattern avoiding permutations may not exist. If a labeling exists, then we form transition matrices, deÿned in Deÿnition 4. A transition matrix may be ÿnite or inÿnite, depending on the number of distinct labels used in a labeling scheme.
Deÿnition 4.
Let l be the number of distinct labels assigned to permutations in { ∈ S n ( )|n ¿ m ¿ 1}. A transition matrix A is the l × l matrix whose rows and columns are indexed by the labels and whose ((x r ); (x c ))th entry speciÿes the number of permutations in S n ( ) having label (x r ) produced by a permutation in S n−1 ( ) having label (x c ). Let e c be the number of permutations in S m ( ) having label (x c ), for some ÿxed (small) m. Then, the matrix transition equation
gives the number of permutations in S n ( ) having the labels (x r ), 1 6 r 6 l.
A simple example is given by S n (132; 231). Any permutation in S n−1 (132; 231) has two active sites, since both the ÿrst and the last site of are active and for n ¿ 3, insertion of n into any other site creates a forbidden subsequence. Thus, the label on 1 ∈ S 1 (132; 231) is (2) and the recursive rule is that 1 and 2 both have label (2) . The transition matrix is the 1×1 matrix A=(2) and e 1 =1. Thus |S n (132; 231)|=(2) n =2 n−1 .
It is convenient to deÿne the reversal, ∈ S n of a permutation ∈ S n as (i) = (n + 1−i), and the complement, * ∈ S n of as * =n+1− (i). The following lemma (taken from [10] ) limits the number of cases which need to be enumerated. In [14] , Lemma 5 is formulated in terms of an action of the dihedral group D 4 on permutation matrices. 
For the purpose of enumerating S n ( ), we say that the sets , , * , and −1 as deÿned in Lemma 5 are equivalent.
In this paper, we are concerned with the enumeration of permutations which avoid pairs of length four patterns. There are 56 inequivalent classes of permutations to consider, listed in Table 1 . Some of these distinct classes are known to be equinumerous. In [5, 11] Bona and Stankova ÿnd ÿve permutation classes which are enumerated by the generating function for the class of (1324; 2143)-avoiding permutations, the so-called smooth permutations. A permutation in this class has the property that the Schubert cell indexed by is smooth. Gire, Kremer and West [7, 8, 12] give ten inequivalent classes which are enumerated by the Schr oder numbers. Numerical data (see Table 1 ) provided by West for |S n (u; v)|, (u; v) ∈ S 4 ×S 4 , and n 6 11 suggests that of the remaining 41 classes, 36 of them are enumeratively distinct. The data provides (for n 6 11) three exceptions:
(1) |S n (1243; 2134)| = |S n (1342; 3124)|, (2) |S n (1342; 2143)| = |S n (1432; 2413)|, and (3) |S n (1234; 3214)| = |S n (4123; 3214)| = |S n (2341; 2143)| = |S n (1234; 2143)|.
Of the distinct classes, we know of only one other enumerative result. Atkinson [1] showed that the number of skew-merged, or (2143; 3412)-avoiding permutations is given by the formula Lemma 6 (Erdős and Szekeres). Any sequence of ml + 1 real numbers has either an increasing subsequence of length m + 1 or a decreasing subsequence of length l + 1.
In particular, Lemma 6 shows that |S n (1234; 4321)| = 0 for n ¿ 10. For n = 1; 2; : : : 9, the sequence 1; 2; 6; 22; 86; 306; 882; 1764; 1764, provided by West, enumerates S n (1234; 4321).
In the electronic appendix we give transition matrices for the remaining seven classes of permutations which avoid (u; v) ∈ S 4 × S 4 where u contains the subsequence 123 and v contains the subsequence 321. In each case, these matrices are ÿnite. This idea is extended to enumerate one additional class |S n (1234; 43215)|. Unfortunately, each case seems to require a unique argument. It is our hope that a comparative study of the results here as well as those in [13] will yield a more general approach to these enumeration problems.
Lemma 7 gives recursive upper and lower bounds for certain |S n (u; v)|.
Lemma 7. Let u=u 1 · · · u m and v=v 1 · · · v l be patterns of length m and l, respectively, with m 6 l. 
If u contains the subsequence 12 · · · (m − 1) and v contains the subsequence (l − 1)(l − 2) · · · 21, then any permutation which avoids both u and v, has at most (m − 2)(l − 2) + 1 active sites. In this case,
Proof. Let ∈ S n−1 (u; v). Because the maximum element in the pattern to be avoided has either t − 1 or s − 1 numbers to its left the min{t − 1; s − 1} sites at the beginning of are always active. Similarly, the min{m − t; l − s} sites at the end of are active, proving part 1. If = p 1 p 2 · · · p n−1 has (m − 2)(l − 2) + 2 or more active sites, then there exists a subsequence of , ↓ q ↓ 1 q ↓ 2 · · · ↓ q ↓ (m−2)(l−2)+1 with active sites as indicated. By Lemma 6, q 1 · · · q (m−2)(l−2)+1 has an increasing subsequence of length m − 1 or a decreasing subsequence of length l − 1. Insertion of n into one or more active sites creates either a forbidden subsequence of type u or one of type v. We prove Theorem 8 case by case in Propositions 9-12. Finite transition matrices are provided for the pairs (1234; 3214) and (4123; 3214). The succession rules for the pair (1234; 2143) imply an inÿnite transition matrix, and the pair (2341; 2143) is enumerated without actually describing the succession rules. A recursively deÿned bijection between S n (1234; 3214) and S n (4123; 3124) is provided, but the succession rules do not make clear a bijection between any of the other sets of permutations enumerated by (4 n−1 + 2)=3.
Proposition 9. For n ¿ 1, |S n (1234; 3214)|=(4 n−1 +2)=3. A matrix transition equation for |S n (1234; 3214)| is given by 
Proof. Let = p 1 p 2 · · · p n−1 ∈ S n−1 (1234; 3214) have k active sites. If p 1 ¡ p 2 , we give the label (ki). If p 1 ¿ p 2 , label with (kd). By Lemma 7, 3 6 k 6 5. Since 4 occurs at the end of both forbidden patterns, these are the ÿrst k sites. This allows us to reduce our study of these permutations to the pattern formed by p 1 p 2 p 3 p 4 . In particular:
• If has label (5i), then p 1 p 2 p 3 p 4 is of type 2413 or 3412.
• If has label (5d), then p 1 p 2 p 3 p 4 is of type 3124 or 2143.
• If has label (4i), then p 1 p 2 p 3 is of type 132 or 231.
• If has label (4d), then p 1 p 2 p 3 is of type 213 or 312.
• If has label (3i), then p 1 p 2 has type 12, and • If has label (3d), then p 1 p 2 has type 21.
Let j ∈ S n (1234; 3214) obtained from by inserting n into the jth site of . The following tables summarize the recursive rules for labeling permutations. The reader is encouraged to check that active sites in which become inactive in j (i.e., an ↓ is replaced by a ×) occur to the right of an increasing subsequence of length three ending in n or a decreasing subsequence of length three beginning with n.
Active sites Label
The matrix transition equation results in the following system of equations:
(3i) n = (3i) n−1 + (4i) n−1 + (5i) n−1 :
(3d) n = (3d) n−1 + (4d) n−1 + (5d) n−1 :
(4i) n = (3i) n−1 + (3d) n−1 + 2(4i) n−1 + 2(5i) n−1 :
(4d) n = |S n−1 (1234; 3214)|:
(5i) n = (4d) n−1 + (5i) n−1 + (5d) n−1 :
(5d) n = (4d) n−1 + 2(5d) n−1 :
(ki) n = (kd) n for k = 3; 4; 5:
Let (k) n = (ki) n + (kd) n . It is easy to see that Proposition 10. For n ¿ 1, |S n (4123; 3214)|=(4 n−1 +2)=3. There is a bijection between S n (4123; 3214) and S n (1234; 3214). A matrix transition equation for |S n (4123; 3214)| is given by 
Before proving Proposition 10, we introduce some notation. Let ∈ S n−1 ( ), for some ⊂ S r . Let j ∈ S n ( ) be obtained from by inserting n into the jth active site of . From the proof of Proposition 9, we see that if ∈ S n−1 (1234; 3214), then the active sites will be the leftmost k sites, so j = j , 1 6 j 6 k.
Proof (of Proposition 10). Let ∈ S n−1 (4123; 3214) have k active sites. As in Proposition 9, 3 6 k 6 5. In this case, the inactive sites will be at the beginning and/or at the end of , and forbidden subsequences occur either to the left of an increasing subsequence of length three ending in n, or to the right of a decreasing subsequence of length three beginning with n. Let p 1 p 2 · · · p k−1 represent the subsequence of occurring to the right of the ÿrst active site and to the left of the last active site. That is, p i is to the right of the ith active site of , 1 6 i 6 k − 1. Give the label (ki) if p 1 ¡ p 2 and (kd) if p 1 ¿ p 2 . The recursive rules are those of Proposition 9 with the following modiÿcations:
Label on
Descendant of Label on j = j Label on j ∈ S n−1 ( ) j ∈ S n ( ) i nS n (1234; 3214) in S n (4123; 3214)
This table provides a bijection between S n (1234; 3214) and S n (4123; 3214) deÿned recursively on the k descendants of ∈ S n ( ) (for example, [(4i); 3 ] ∈ S n (1234; 3214) ↔ [(4d); 4 ] ∈ S n (4123; 3214)) Each [(kx); j ] not listed (in the ÿrst two columns) will have the same recursive rule in both sets of pattern avoiding permutations (the last two columns will agree).
Proposition 11. For n ¿ 1, |S n (1234; 2143)| = (4 n−1 + 2)=3. The rules for generating S n (1234; 2143) are given by = 1 is labeled (2; 3). For k ¿ 3, and for k ¿ 2 and 2 ¡ x 6 k + 1, then let x = 2. If p 1 ¿ p 2 , and there exists some p i−1 ¡ p i with an active site to the right of p i , then let x be the ÿrst such active site (3 6 x 6 k + 1). If is strictly decreasing, or there are no active sites to the right of the ÿrst ascent, then let x = k + 1.
The ÿrst two sites are active and insertion of n into these sites will not create a subsequence of type 123 or 213 ending in n, so 1 and 2 have k + 1 active sites. Inserting n at the beginning of increases the position of the ÿrst ascent, if it exists, by one. For x = 2, 1 is labeled (k + 1; 4) and for x ¿ 2, 1 is labeled (k + 1; x + 1). 2 is labeled (k + 1; 2) regardless of the value of x, since p 1 ¡ n.
If x = 2 and j = 3, then p 1 p 2 p 3 has type 123, so 3 is labeled (3; 2) . For x = 2 and j ¿ 3, p 3 must be less than p 2 . p 1 p 2 n has type 123, so all sites to the right of n are inactive and p 2 p 3 n is of type 213, so all sites between p 3 and n are inactive. Thus j is also labeled (3; 2). If x ¿ 2 and 3 6 j 6 x − 1, then p 1 p 2 n forms a subsequence of type 213, so all sites between p 2 and n are inactive in j . No new subsequence of type 123 is formed in this case and n will be the ÿrst ascent. j is labeled (k − j + 3; 3).
If x ¿ 2 and x 6 j 6 k + 1, then p 1 p 2 n forms a subsequence of type 213 and abn is of type 123, where a ¡ b represents the ÿrst ascent. In this case, only the ÿrst two sites are active, and j gets label (2; 3).
To enumerate |S n (1234; 2143)|, let (k) n denote the number of permutations in S n (1234; 2143) having k children. Then, |S n (1234; 2143)| = n+1 k=2 (k) n = n+1 k=2 k(k) n−1 . Careful inspection of the recursive rules for generating these permutations yields the following information: For 4 6 k 6 n + 1;
(k) n = 2(k − 1) n−1 + (k − 1) n−2 + (k − 1) n−3 + · · · + (k − 1) k−2 :
To see this, we observe (k; 2) n = (k − 1) n−1 ;
and k+1 x=4 (k; x) n = (k − 1) n−1 :
(3) n = 2(2) n−1 + (2) n−2 + · · · + (2) 1 + |S n−1 (1234; 2143)| − 1:
Let (3; 2) 1 n denote the number of permutations having label (3; 2) n generated via rule 1 (by the label (k; 2) n−1 , k ¿ 3), and let (3; 2) 2 n denote the number generated via rule 2, so (3; 2) 2 n = (2; 3) n−1 = (2) n−1 . = (3; 2) 1 n + 2(2) n−1 + (2) n−2 · · · + (2) 1 :
(2) n = 2|S n−2 (1234; 2143)| + (2) n−1 − 2: (2) n = (2) n−1 + 2|S n−2 (1234; 2143)| − 2;
(3) n = 2(2) n−1 + (2) n−2 + (2) n−3 + · · · + (2) 1 + |S n−1 (1234; 2143)| − 1;
we conclude that |S n (1234; 2143)| = 3|S n−1 (1234; 2143)| + 3|S n−2 (1234; 2143)| + |S n−3 (1234; 2143)| + · · · + |S 1 | − 3 + (2) n−1 . Therefore, |S n (1234; 2143)| − |S n−1 (1234; 2143)| = 3|S n−1 (1234; 2143)| − 2|S n−3 (1234; 2143)| + (2) n−1 − (2) n−2 . Since (2) n−1 = (2) n−2 + 2|S n−3 (1234; 2143)| − 2, |S n (1234; 2143)| − |S n−1 (1234; 2143)| = 3|S n−1 (1234; 2143)| − 2:
Proposition 12. For n ¿ 1, |S n (2341; 2143)| = (4 n−1 + 2)=3.
Proof. Let (k) n denote the number of = p 1 p 2 · · · p n ∈ S n (2341; 2143) which have k active sites. For any ∈ S n (2341; 2143), 3 6 k 6 n + 1, since 4 is in the third position in both patterns 2341 and 2143. The ÿrst two sites and the last site of will be active. We compute |S n+2 (2341; 2143)| by ÿrst generating n + 1 permutations in S n+1 corresponding to each ∈ S n (2341; 2143), two of which have k + 1 active sites, and the remaining n − 1 have three active sites. We show that the (n + 1)|S n (2341; 2143)| − |S n+1 (2341; 2143)| of these permutations which are not in S n+1 (2341; 2143) have three active sites. Thus, Subtract 4|S n+1 (2341; 2143)| from both sides to see that |S n+2 (2341; 2143)| − 4|S n+1 (2341; 2143)| is constant. Since |S 1 | = 1 and |S 2 | = 2, |S n (2341; 2143)| = 4|S n−1 (2341; 2143)| − 2.
Let ∈ S n (2341; 2143) have k active sites. Consider the n + 1 permutations in S n+1 , i i , where i ranges from 1 to n+1 and i =q 1 q 2 · · · q n is the permutation of [n+1]\{i} of type . If i i ∈ S n+1 (2341; 2143) then i must participate in any forbidden subsequence, since i has no forbidden subsequences.
When i = 1 and when i = n + 1, i i ∈ S n+1 (2341; 2143) and has k + 1 active sites. For each 1 ¡ i ¡ n+ 1, i i has three active sites. To see this, consider the cases q 1 ¿ i and q 1 ¡ i. If q 1 ¿ i then iq 1 1 is of type 231 and all sites between q 1 and 1 are inactive. If q n = 1 only sites 1,2 and n + 1 are active. If q n ¿ 1 then i ¡ q n implies i1q n is of type 213 and i ¿ q n implies i(n + 1)q n is of type 231, so the sites between 1 and q n are inactive. If q 1 ¡ i, iq 1 (n + 1) is of type 213, and if q n ¡ n + 1, i(n + 1)q n is of either of type 231 or i1q n is of type 213. In any case, only sites 1, 2 and n + 1 are active in i i .
